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ABSTRACT

In this thesis, we study the general Potts model and how we can
determine critical properties by applying computational algo-
rithms. Most of these algorithms were implemented in isotropic
systems. The main aim of this thesis is to generalise these algo-
rithms for anistropic systems and to analyze, if the obtained
data matches with theoretical solutions.
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INTRODUCTION

The general Potts model is a mathematical model used in differ-
ent fields of studies like computer science, biology and physics.
In physics, it is applied to classical statistical mechanics, it is
used to describe the mixture of different fluids and it can be
employed to describe the behavior of magnets. The main topic
of this thesis, is to apply different algorithms to solve for quan-
tities of the Potts model. We need to apply algorithms since
we can not solve the general Potts model for all different con-
tigurations. There are many different algorithms, which have
been applied to the Potts model. Most of them, are discussed
in isotropic systems. Therefore it would be interesting to know
if these algorithms can be generalized for anisotropic systems.
The main algorithm we want to generalize, uses the percola-
tion property of the Potts model around the critical tempera-
ture. Percolation describes the presence of a dominating clus-
ter. In certain physical systems, there exists a temperature at
which these dominating clusters exist. For example: These clus-
ters could be a group of classical spins which are pointing in the
same direction. This leads to a magnetisation which would only
exist below the critical temperature. The general idea of the al-
gorithm is to check if the system percolates or not. Depending
if it does or not, we increase or decrease the temperature. With
the resulting distribution of temperatures we gain information
about the critical temperature. Since we are only able to simu-
late finite systems we can take advantage of the fact that these
systems show a certain scaling pattern by which we simulate
the temperature for different system sizes. We then can extrapo-
late the critical temperature for the thermodynamic limit, that is
for very large systems. Before we can implement the algorithm,
which is called the probability cluster changing algorithm [1]
(PCC), we have to discuss how we can efficiently identify the
clusters and determine if they are percolating or not. To do
that, we use the Hoshen-Kopelman [2] and Newman-Ziff [3]
algorithm.






INTRODUCTION TO PERCOLATION THEORY

The aim of this chapter is to give a brief overview to percola-
tion theory and its properties. On a simple system, we want to
present finite size scaling to understand how it can be useful to
extrapolate quantities in the thermodynamic limit.

A visual introduction to percolation: Consider a 2D square-
lattice. We will name the "dots" of every lattice "sites" and every
connection of these dots we will call "bonds". If we randomly
connect lattice sites, we will at some point create a connection
between 2 opposing sites of the lattice. An example is visualised
in Fig. 1

Figure 1: Bonds placed in a way, that connects the top and bottom
part of the lattice

This system could be applied to conductivity or many other
systems. So, a definition of percolation could be that the sys-
tem is in a percolated state, if and only if two opposing sites
are connected. We note here that there is no unique definition
for percolation. In our example, we implicitly assumed open
boundary conditions. But what if we use periodic boundary
conditions? We are not able to define two opposing sites any-
more. For periodic systems we will consider two different per-
colation rules.

1. The extension rule: If there exists a cluster of maximum
extend L in one dimension, the system is in a percolated
state.

2. The topological rule: There exists a cluster, which wraps
around the entire system in at least one dimension.
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Figure 2: Exemplary percolating clusters

An interesting property of these definitions is that if a cluster
percolates following the topological rule, it implies that it per-
colates following the extension rule as seen in Fig. 2. The other
direction of this statement does not hold true.

The next question would be: At which probability p do we
have to allow bonds, at which we could almost certainly say
that there exists such a percolating cluster. There are two ap-
proaches: This probability has been proven to be p = 1/2. But
we could also simulate the system with a certain system size
L, many times for different values of p and track the relative
amount of systems, which end up in a percolated state. In the
thermodynamic limit, the relative amount of percolated sys-
tems plotted against the bond placing probability p should be-
come a step function. For finite systems, the function becomes
sharper as the system sizes increase. This can be observed in
Fig. 3, 4 and 5.

An interesting observation is that the finite percolation be-
havior is different for different percolation definitions. As we
can see, the connecting probability p of the extension rule is
lower than the connecting probability p of the topological rule.
That is because it is more probable for a system to percolate in
the sense of the extension rule. It is quite interesting that for
each system size, the curves intersect at the critical probability.
This observation was also made by Newman and Ziff [3] for
various percolation definitions. By choosing a relative amount
of percolated systems and tracking the resulting probability for
different system sizes, we can use another useful property. Fi-
nite size scaling describes the convergence of quantities by sam-
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Figure 3: Percolation probability plotted against the connecting prob-
ability p for different system sizes using the extension rule
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Figure 4: Percolation probability plotted against the connecting prob-
ability p for different system sizes using the topological rule

pling them against bigger and bigger systems. If we estimate
the critical percolation probability p.(L) for each system by
the probability, at which the percolation probability p,(relative
amount of percolated systems) is equal to 0.5 or 0.15, we can
estimate the connecting probability p.(co) by finite size scaling.
It may be not intuitive at first why we may choose any value of
Pp € (0,1). But since we obtain a step function in the thermody-
namic limit, each scaling series of p.(L) will scale to our desired
limit. The scaling factor for this system is known, therefore we
can fit to the following:

) 1o (1)

2=

pe(L) =a- L

5
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Figure 5: Percolation probability plotted against the connecting prob-
ability p for different system sizes using the open boundary
conditions and connecting 2 opposite sites

with v = 4/3. These scaling properties are typical phenomena
for systems around the critical percolation threshold. The pa-
rameter b estimates our p.(co) and we expect it to be close to
pec = 1/2. In Fig. 6, we have plotted the series for the topo-
logical rule of our estimator p¢(L). In Fig. 3 or 4, we see that
the statistical errors, visualized by error bars, are very small.
Therefore the dominating error on our estimator is determined
by the sample increment of the connecting probability p. This
systematic error was used for the fit.

0.55
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Figure 6: The fit of equation 12 for 2 different criteria
The results can be seen in Fig. 6 and in Table 1. As we ex-

pected, b is a single standard deviation away from the theoreti-
cal value.
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Pp 0.5 0.15
a -0.17 £ 0.04 | -0.50 =% 0.04
b 0.501 £ 0.003 | 0.501 &£ 0.003
x?/dof | 1.54 1.32

Table 1

Lastly we showed that finite size scaling can be a very useful
concept to determine quantities such as the critical probability.
The algorithms used to simulate the systems will be presented
in the next chapter.






ALGORITHMS TO IDENTIFY CLUSTERS AND
PERCOLATION

3.1 MODIFIED HOSHEN—KOPELMAN ALGORITHM FOR IDEN-
TIFYING CLUSTERS AND DETECTING PERCOLATION

We want to describe the algorithms used to identify clusters
on a lattice which has connected sites. Since we are later going
to use this algorithm on a deformed triangular lattice (visu-
alised in Fig. 7), we will describe all algorithms for this more
general case. The additional possible connection direction will
be referred to as the d-direction. We may always ignore the
additional possible bonds and recreate the square lattice bond
percolation problem.

Figure 7: Sample grid with all possible bonds
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3.2 THE HOSHEN-KOPELMAN ALGORITHM

The goal of this algorithm is to label each connected site to-
gether. For site percolation we can use the Hoshen-Kopelman [2]
algorithm. To apply this algorithm for bond percolation, we
needed to do some minor modifications. The algorithm works
as follows: We check every bond. This bond can either be con-
necting or non-connecting. If a bond does not connect, we will
not have to do anything. If a bond is connecting, there will be
three cases which have to be distinguished:

1. Both sites have not been labeled yet: We simply assign a
new label to each of the sites.

2. One of the sites has been labeled: We merge the unlabeled
one to the labeled one.

3. Both sites have been labeled: We merge both clusters.

3.2.1  Example on a given bond configuration

We will present the algorithm on an example. Assume the fol-
lowing bond configuration:

Figure 8: Sample bond configuration in which we will identify all
clusters

First, we traverse all bonds in the x-direction and use the
rules we stated before. We then obtain the following configura-
tion:
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Figure 9: All temporary clusters after traversing all bonds in the x-
direction

Then we traverse all bonds in the y-direction:

Figure 10: All temporary clusters after traversing all bonds in the y-
direction

Finally in the d-direction:

11
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Figure 11: Final state of the Hoshen-Kopelman algorithm

3.2.2 Tracking percolation via the extension rule

After traversing through every possible bond, we obtain the
labeled lattice. The method to check for percolation via the ex-
tension rule is to use the gathered information of the labeled
lattice. To search for percolation we just check if any cluster has
been labeled throughout the x-direction or the y-direction.

3.2.3 Modified Newman-Ziff algorithm for identifying clusters and
detecting percolation

The Newman-Ziff algorithm [2] identifies clusters and perco-
lation via the topological rule. To explain this algorithm, we
define the following;:

¢ Every cluster has only one unique root site. In the begin-
ning, every site is a cluster with size 1 and therefore its
own root site.

¢ Every site of a cluster, which is not the root site, is as-
signed a displacement vector to another site of the cluster.
This site could be the root site or a site which also has a
displacement vector.

¢ If we were to traverse all displacements of a chain of sites
of a cluster, we would always end up at the root site.
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¢ We identify two sites to be in the same cluster if each root
site is equal.

¢ Additionally, we track the size of each cluster.

An example of the state of the algorithm is shown in Fig. 12

Figure 12: Exemplary state of the Newman-Ziff algorithm.

We observe site 9 as the root site because it does not contain
a displacement vector. Sites 5, 6 and 10 point directly to the
root site. To obtain the root site of sites 2, 3 and 14 we have
to traverse the chain of displacement vectors. The cluster is not
percolating via the topological rule. If we add a bond to site 2
and 6, the cluster would obviously still not be percolating. The
algorithm checks that by calculating the total displacement to
the root site. The total displacement of site 6 is Ag = (—1,—1).
The displacement of site 2 has to be calculated, by adding all
displacements in the chain up to the root. In this case we obtain:
Ay =(—=1,-1)+(0,—1) = (—1,—2). We now compare the abso-
lute difference in the displacement: [A; — Agl = (0,1). As we
observe, this difference is equal to one lattice spacing, where
one lattice spacing is defined as (1,0), (0,1) and (1,1). If we
add a bond, which would lead to percolation, the difference
in displacement would not be one lattice spacing. For exam-
ple: Assume we add a bond between site 10 and 14. For the
displacements we obtain:

A= (—1,0) Ay =(-1,-3) = [As5—Ap1| = (0,3) (2)

13
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The approach to merge clusters is to change the root site of
one cluster to the root site of another cluster. Let us consider
the configuration of Fig. 13.

Figure 13: Exemplary configuration, in which we want to place a
bond between sites 4 and 5.

If we place a bond between sites 4 and 5, we would have
to merge the clusters. We will always change the root of the
cluster with less sites. In this case we will change the root of
the blue cluster to the root of the red one. First we obtain the
root sites of site 4 and 5, which are sites 12 and 9 respectively.
Then we just add a displacement vector from site 12 to site 9.
The obtained configuration is shown in Fig. 14.

The algorithm for identifying clusters and percolation via the
topological rule can be summarize as follows:

1. Every cluster has only one unique root site. In the begin-
ning every site is a cluster with size 1 and therefore its
own root site

2. We traverse every bond and add them with probability p.
There are two possibilities when a bond is placed:

a) Both elements are in different clusters meaning they
have different roots: We change the root of the cluster
with fewer elements to the root of the other cluster.

b) Both elements are in the same cluster meaning they
have the same root: We check if the absolute differ-
ence in displacement is not one lattice spacing. If so,
we detect percolation.
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Figure 14: State of the merged configuration after adding a bond.

It has to be noted that the original Newman-Ziff algorithm
was used for square-lattice bond-percolation. We generalised
it for the triangular lattice. To efficiently implement this algo-
rithm we need one main function. The main root-find-function
can be described as follows:

1. A function which recursively calls all sites which are chained
together by displacement vectors. When the root is found
the recursion ends and every displacement vector is up-
dated to point to the root.

An example on how this function works is shown in Fig. 15.
After calling this function on site 5 we then call this function on
site 9 and after that on site 13. Now we end up at the root site
12 and update the displacement on each site.
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(a) State of the Newman-Ziff al- (b) State of the Newman-Ziff al-

gorithm, in which we want gorithm, after applying the
to find the root site of site 5. root-find-function on site 5.

Figure 15: Example clusters



THE GENERAL Q-STATE POTTS MODEL AND
MARKOV CHAINS

The Potts model is a simple, yet still one of the most important
models of classical statistical physics. At each of the N sites of
a d—dimensional lattice, we consider q states s; € {s1, 52, ..., 5q}-
A set configuration of states on a 2-dimensional lattice is then
defined as:

0 =(81,82,...,SN) (3)

We will only discuss nearest-neighbor interactions which are
visualized in Fig. 16. The Hamiltonian is given by:

(a) Nearest neighbors in the de- (b) Nearest neighbors in the
formed triangular lattice. square lattice.

Figure 16: Nearest neighbors of site 6 in the triangular lattice and the
square lattice.

H(G) = Z Ii,jési,sj Si € {S]/SZ/--'/Sq} (4)

<i,j>

In this defined system the Hamiltonian is equal to the energy
of the system. For J;; we will only distinguish between three
different possibilities: Jx, ]y and J4 where each of these indices
stand for the uniform coupling in each lattice direction. We de-
fine systems as isotropic, if Jx = Jy = Jq or if Jx = Jy, Ja = 0.
Otherwise the system is called anisotropic. We consider the sys-
tem coupled with a heat-bath at temperature T. Therefore the

17
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statistical weight of a configuration o is given by the Boltzmann
weight:

P(0) oc e P (5)

with 3 = 1/(kgT) and kg = 1. Therefore the partition function
is given by:

Z=) e PH (6)
{o}

As we can see, the energy E(o) of the system depends on the
values of Ji ; € {x,y, d}. We will focus on the ferromagnetic case
Ji < 0.In this case the energy is minimized if neighboring spins
point in the same direction. If we are given a temperature T, the
expectation value of an observable < A > can be calculated by:

(A)= 3 Y Alo)e PE )

Now we will analyze the high and low temperature limit of the
system.

e For T — oo we can approximate P(o) — % and we can
conclude that no particular configuration is preferred.

e For T — 0 we already concluded that ordered configura-
tions are preferred by the system.

At a certain temperature T, we observe a transition at which the
system changes from an ordered to an unordered state. This
temperature is called critical temperature T.. For the 2 — d Potts
model we observe first and second order phase transitions. For
q > 4 the transition is of first order and for q > 4 it is of second
order [4]. First and second order phase transitions are defined
as the behavior of an order parameter around the critical tem-
perature. A continuous transition is of second order, and a dis-
continuous one is of first order. This temperature T, is solved
analytically for any set of Jy,JyandJq for ¢ = 2 and q > 4.
For q = 3 there is an assumption about the theoretical solution.
This assumption has not yet been proved. The solution [5] for
q = 2 is the following: Let S(]J) = sinh(2]f3.) then
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S(Ux) - SUy) +350a) - (ST +S(Jy)) =1 (8)

For q > 4 we have [4]: Let x; = (eJtP — 1)//q then T. can be
obtained by solving:

VG XxXyXg + XXy +XxXg + XyXq = 1 (9)

Equation 9 is also the assumed solution for the 3-state Potts
model. These equations can be solved numerically and will be
the foundation to determine the effectiveness of the algorithms
we will apply.

4.1 THE MARKOV PROCESS

As we can see in equation 7, the expectation value of an observ-
able is given by using a sum over configuration space () = {c}.
If we generated every possible configuration for a given system,
this would be a computation demanding task. For example: If
we assume a system of size 100x100, we would end up with
210000 pogsible configurations. Another ansatz would be to gen-
erate a random set of N configurations. This would also end up
being quite inefficient. That is the case since we would mainly
generate unordered systems at low temperatures and their con-
tribution would be negligible. Therefore it would be useful if
we could generate configurations o which follow the distribu-
tion of P(o). This can be achieved by a Markov chain. We gen-
erate a sequence of configurations using a stochastic process.
Starting from an initial configuration o; € (O we generate:

0p — 0] — 02 — ... = ON (10)

If we start at a random configuration o, we have to thermalise
the system first. In the initial phase of these chains, we first
have to obtain an equilibrium. After that we can start to use the
Markov chain to measure certain quantities.

4.2 THE SWENDSEN-WANG ALGORITHM

The Swendsen-Wang Algorithm [6] uses cluster methods to
achieve efficient Monte Carlo dynamics. The Swendsen-Wang
update algorithm can be descibed as follows:

19
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1. We begin with an arbitrary configuration o.

2. If the state of two neighboring sites are equal, we cast
a bond with probability p = 1 —e 2P+ ¢ {x,y,d} or
otherwise we will never cast a bond.

3. We identify all clusters and collectively flip the states of
a cluster to a random state s € {sj, s, ...sq} with uniform
probability p = 1/q.

4. We repeat step 2 with the new obtained configuration.

4.3 SWENDSEN-WANG ALGORITHM ON THE 2-STATE POTTS
MODEL

The 2-state Potts model can be used to describe classical spins.
Therefore the states are defined as s; € {£1}. We were given
data of a Metropolis algorithm run, with a system size of L = 8.
Now we will compare this data to a Swendsen-Wang update
run. We have simulated the system for different temperatures
and we have measured the average Energy per spin E(T) at
each update step. The result can be seen in Fig. 17. As we can
see, the data we generated and the data of the Motropolis algo-
rithm match. We are not able to determine any differences. If
we subtract the data of each other, the resulting samples scatter
around 0 and the relative deviation is less than 1%.

0
< +
© {  Swendsen-Wang algorithm
E, —2] - } Metropolis update algorithm
2 4 6 8 10
T
C
©
© 1 ;
0>J C>\° Y o ° . .
heo} - O L] ry ° .
q) - — . L] [ ] . ° L]
2
w -1
5 2 4 6 8 10
o T

Figure 17: Comparison of data for the Energy for simulating a system
of size L = 8 for 10000 thermalisation steps and 100.000
measuring samples.
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Since we can sample E(T) for different values of T, we can
numerically estimate the specific heat C,, = dE/dT and the max-
imum of this curve should be around the critical Temperature
Tc. Therefore we can get a rough estimation of T.. The data we
generated is shown in Fig. 18.

T gct - /"/ﬂ-/ e TC .............................
e™ aa .~} { data
N =
W
DY [— e
N [ ——
2
0.4
~
3 1 5
% Ecl.l} 0.2
S — P
° ? N 5 10 15 20
! T

Figure 18: Sample Swendsen-Wang data for isotropic and anisotropic
systems. We used a system size of L = 64, 1000 thermalisa-
tion steps and 5000 measuring samples.

Another observable which has a relation to the critical tem-
perature T, is the average of the absolute magnetisation < [m| >
where m = ) _; 0y. The results are plotted in Fig. 19

1.00 ~ 1.00
o— Te o Te
A 073 |t data a 07 ‘I f data
£0.50 ' £0.50
v v
0.25 0.25
0.00 0 10 20 0.00 0 2 4
T T
@Jx=Jy=1 (b)Jx=10and J, =1

Figure 19: Sample Swendsen-Wang data for isotropic and anisotropic
systems. We used a system size of L=64, 1000 thermalisa-
tion steps and 5000 measuring samples.

The absolute magnetisation for the 2-state Potts model can be
defined as an order parameter. It is zero above T, and nonzero
under T.. If the majority of the spins point in the same direc-
tion or not, we would expect a connection to the percolation
property at different temperatures.

21
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As we could show, Markov Chains are an effective tool to
obtain quantities for given temperatures. In the following chap-
ter we want to discuss how we can combine these concepts to
estimate the critical temperature.



THE PCC ALGORITHM

The Probability-Changing-Cluster [1] algorithm can be summa-
rized as follows:

1. We begin with an arbitrary configuration o.

2. Construct clusters and flip them according to step 2 and
3 of the Swendsen-Wang algorithm.

3. Increase or decrease p depending if the system is perco-
lating or not.

4. Go back to step 2.

The obtained histogram of the obtained values for p should
be Gaussian distributed. This algorithm assumes an isotropic
system. Because only then we can collectively change p by Ap
and still keep an unique temperature.

We would like to apply this algorithm for anisotropic sys-
tems. So for a fixed set of Jx, ] and Jq we would end up with
different probabilities py(T), py(T) and p4(T) which can not be
transformed by a fixed Ap. The approach we made is, that we
define a Apx. We increase or decrease py by Apy and then cal-
culate the resulting Temperature T. Then we can just calculate
Py(T) and py(T) with the given temperature. Therefore we de-
tine the modified PCC algorithm as:

1. We begin with an arbitrary spin configuration o and a
fixed set of Jy, Jy and Jg4.

2. Construct clusters and flip them according to step 2 and
3 of the Swendsen-Wang algorithm.

3. Increase or decrease px by Apx depending if the system is
percolating or not.

4. Calculate the corresponding temperature T and get py
and pg.

5. Go back to step 2.

23
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For the algorithm to work properly we have to decide how
many Monte Carlo steps we gather. Additionally we have to
choose Apy. Since we may not know the critical temperature be-
forehand, we start with an initial guess and a rough Ap, = 0.01.
We do 10.000 initial steps. After that we adapt Apx = 1/(20- L2)
and take 100.000 Monte Carlo samples. Lastly we calculate the
mean of the temperature distribution. We will repeat that pro-
cess ten times to estimate the error.

5.1 ERROR ANALYSIS ON THE PCC ALGORITHM

The resulting distribution of T seems to approach a Gaussian
function. This was to be expected, since the resulting histogram
of px approaches a Gaussian curve and when looking at

T=——
In(1—px)

~ To+ - px (11)
we will find the same distributions for small changes in py. This
result can be seen for an isotropic and anisotropic example in
Fig. 20. The mean of these samples will be at the critical Tem-
perature T.(L). Additionally we have included the behavior, if
we further decrease Apy. We can see that the distribution is
sharper around the critical value.

We could verify the exact same resolution of p.(64) as Tomita
and Okabe [1]. They determined p.(64) = 0.581 9546+ 0.000013
by gathering 100.000 MC samples and repeating that process
10 times. The error obtained using this process contains the sys-
tematic and statistical error. We want to analyse how the total
error behaves if we increase the Monte Carlo samples or if we
adjust Apy.

Measuring steps
T.(L) &P

100.000 200.000

Stepsize | 1/(20-64%) | 2.293170 4+ 0.000 081 | 2.293272 + 0.000 032

Ap 1/(40-64%) | 2.293358 4 0.000 147 | 2.293 173 £ 0.000 047

Table 2: T. (L) for L = 64. We repeated 10 measurements with 100.000
and 200.000 samples and different step sizes Ap respectively.
We then formed the mean and standard deviation.

In Table 2 we have measured p.(64) for different parameters.
By simply increasing the amount of samples, we can conclude
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Figure 20: Temperature histogram of an isotropic and isotropic sys-
tem for different values of Ap. We have taken 200.000
monte carlo samples for a system size L = 8.

that the precision will be increased. After observing that the
Gaussian curve is more sharply peaked in Fig. 20 we would as-
sume that the error on p would be smaller for the same amount
of samples. But this does not seem to be the case. The reason
why this happens, is that in the "prescan" we have chosen to
take samples of Apx = 0.001 for 10.000 steps. This "prescan"
gives us an imprecise initial guess. Therefore the values of T
have to converge to the region of T.. This behavior is shown in
Fig. 21.

The resulting "tail" of T values results in an additional error.
If we decrease the stepsize Apy the amount of steps needed to
be around the peak, will increases also. This may explain why
decreasing the stepsize leads to a bigger error.
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Figure 21: Histrogram of the 100.000 Temperature samples.



DATA ANALYSIS OF THE PCC ALGORITHM
FOR Q=2

6.1 ISOTROPIC CASE FOR Jy =]y =1AND Jq =0

For the isotropic case where Jx = J; = 1 and Jq = 0 we can fit
T.(L) to

) +b (12)

<=

T(L)=a-L(

as we did in chapter 2 with p.(L). The scaling factor for q = 2
is v = 1. By sampling 100.000 Monte Carlo samples 10 times
for various system sizes.

2.40
—— Theoretical value T,
+ Ttopological
2.351 + Textension
= 2.30]
2.251
0.000 0.005 01.010 0.015

L

Figure 22: T, for the topological rule and the extension rule.

Tc by Tomita

T, 2/dof | [Te — Teheol

¢ and Okabe X/ ¢ theo
Topological rule | 2.269 06 +0.00017 | 2.2692+0.0002 | 1.59 0.690
Extension rule | 2.268 29 4+ 0.00023 | 2.268 8 = 0.000 2 1.80 3.880

Table 3: Data for the isotropic case
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As we can see, the correction terms of the extension rules
are bigger. That means for this system the topological rules is a
better estimator for the system in general. We can also conclude
this from Fig. 22 Table 3. Here we can see that the fit of the
topological rule is more precise. In Fig. 23 we can see that the
tit to the data does not have a dominating systematic deviation
in the residual plots.

0.2
- ‘ ‘ | ‘ 0.25 ’
| m
o 0.0/ : ' | ' }
— o
—
< ‘ | ‘ ‘ < 0.00 I |
~ - | |
—0.2 ’
-0.25
0.010 0.015 0.010 0.015
Lt Lt
(a) Residual plot of the data gener- (b) Residual plot of the data gener-
ated with the topological rule. ated with the extension rule.

Figure 23: Tc (L) — Tgi¢ (L)

From now on we will mainly focus on the topological rule.
Tomita and Okabe used system sizes L = (64, 128,256,512). We
used rather "small" systems L = (64,72, 80, 88, 96,104, 112,120, 128),
but we obtained the same precision for the critical tempera-
ture. The main difference in the approaches is that we sampled
more smaller systems. Since simulating bigger system sizes de-
mand a lot more computational power, it seems that sampling
"smaller" systems is sufficient.

6.2 THE GENERAL ANISOTROPIC CASE

For this case we can analyse another possible variation of the
PCC algorithm.

1. We begin with an arbitrary spin configuration o and 2
fixed probabilities p;, pi  1,j € {x,y,d} i#]

2. Construct clusters and flip them, according to step 2 and
3 of the Swendsen-Wang algorithm.

3. Increase or decrease py by Apy depending if the system is
percolating or not.

4. Go back to step 2.



6.2 THE GENERAL ANISOTROPIC CASE

So we just fixate, for example, px and p4 to a certain value. Then
we can obtain a resulting distribution of py. Therefore we gain
the following curve while sampling for different system sizes
as seen in Fig. 24 and 25.

10 —— Theoretical solution
t L=8
L=16
t L=32
t L=64

0.0

0.0 .
Px
Figure 24: Scan of py, for fixed px and pq = 0.

—— Theoretical solution
1.0 | L-g
L=16
t L=32
t L=64

0.0 0.5 1.0

Figure 25: Scan of py for fixed pyx and pq = 0.5.
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The exact solution to this curve can be obtained by using
Formula 8. We have to rely on a numerical solution for J4 # 0.
For pq = 0 we can solve the equation:

sinh(2]xB)sinh(2]yp) =1 (13)

R 1 ex —arsinh
Px = P sinh(—In(1 —py))

The context of T. in this representation of the data is given
by looking at the graph of (x,y) = (px(T), py(T)). The intersec-
tion of this graph for a given tuple of Jy, Jy gives us Tc(L). This
behavior is exemplary presented in Fig. 26.

(14)

1_0‘ — Jx=10 jy=1

— Jx=1 j)’:l
Ix=1 jy=2

—— Theoretical solution

{ L=8
L=16

t L=32

{ L=64

0.0

0.0 0.5 1.0
Px

Figure 26: Scan of py. The coupling (Jx,Jy) of the graphs
(px(T), py(T))is (10,1),(1,1) and (1,2). Sample for temper-
atures T € (1,1000).
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Jx | Jy | Ja | Tcsimulation | T, theoretical x2/dof | To — Tiheo In ©
1|15 |50 48.043 +£0.003 48.047 1.64 1.50
111 3.6408 +0.0002 3.6409 3.05 0.530
1110 9.0585 + 0.0004 9.0588 1.05 0.630
1117 13| 35.442+0.002 35.443 2.53 0.350

Table 4: Critical temperatures estimated by simulating the system
sizes L € {64,72,80,88,96,104,112,120,128} for 200.000 MC
samples 10 times.

Now we will apply the FSS on this anistrisotripic case: We
will consider the following set of J;, 1 € {x,y, d}.

As we can observe in Table 4, the data matches the theoretical
estimations. The fit value does not exceed the theoretical value
above a few standard deviations. In Fig. 27 we can observe, that
there is no dominating systematic error. In general we obtained
an accuracy of around 0.01%. Therefore we may conclude that
this approach to estimate the critical temperature could work
on the 3-state Potts model.

"'”32'5|41 l} 'é:w“ ’
-s_zjswl | ||

0.010 0.015 0.010 0.015
L1 L1
(@) Residue for Jx = 1 J, = (b) Residue for Jx, = 1 Jy, =
5 Jq =50 1 Ja=1
0.5 ‘ 2.5 | |
: oo
i . | ‘ | | |
-0.5
-2.5
0.010 0.015 0.010 0.015
L7t L1
(c) Residue for Jx = 1 Jy = (d) Residue for Jx = 1 J, =

10 Jq=0

17 Ja=13

Figure 27: Residuals of the fit. We used the data we generated for the
2-state Potts model for various coupling constants.






DATA ANALYSIS OF THE PCC ALGORITHM

FOR q = 3

The data we obtained applying the PCC algorithm to the 3-
state Potts model is shown in Table 5. The quality of the fit to
the data is as good as for the 2-state Potts model. The resid-
uals, which are shown in Fig. 28, do not show a dominiating
systematic error. Tomita and Okabe [1] obtained the following
result for the 3-state Potts model using the topological rule
T. = 1.989 88 + 0.000 12. The obtained data matches with the
theoretical solutions.

Jx | Jy | Ja | Tcsimulation | T. theoretical x2/dof | |Tc — Tiheo!
T [ 1 ] 019901 +0.0004 1.9899 1.99 0410
1 1 ] 3.1703 + 0.0005 3.1698 0.92 1.01o0
1 3 6.204 + 0.001 6.205 0.85 0.740
1 7 | 10.876 +0.002 10.874 1.39 0.740
1[10] 0| 811740.001 8.119 1.05 1.250

Table 5: PCC algorithm on the 3-state Potts model
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Figure 28: Residuals of the fit. We used the data we generated for the
3-state Potts model for various coupling constants.




DATA ANALYSIS OF THE PCC ALGORITHM FOR (q = 3 35

For the 3-state Potts model we can use the variation of the
PCC algorithm which we discussed in chapter 6. These scans
are visualized in Fig. 29

1 . —— Theoretical solution
0 t L=8
L=16

t L=32
t L=64

0.0 0.5 1.0

Px
(a) Scan of py for different values of px and pq =
0.5
10 —— Theoretical solution
s { L=8
""" L=16
BN boL=32
............. Gt L=64
0.5
0.0
0.0 0.5 1.0

Px
(b) Scan of py for different values of px and pg =0

Figure 29: Different scans for p, using the 3-state Potts model.

We can also observe that the curves approach the theoretical
solution.






IMPLEMENTATION

The entire code for the data was written in Python. Python is
an interpreted language, therefore it is slow compared to C. We
used a package called Numba which lets us compile the written
Python code to get similar performance to C. It is a JIT (just-in-
time) compiler for Python. There are some restrictions, such
as that we have to be careful with types of variables. But the
advantages are that we could use pure Python code to debug
our algorithms and as soon as we want simulate big systems,
we compile the code. Numba also lets us parallelise the code
so that we can take advantage of the computational power of
multiple cores. Simulations were performed with computing
resources granted by RWTH Aachen University under project
thes1243. The code is uploaded to Github [7].

37






CONCLUSION

Summing up, we can conclude that the PCC algorithm paired
with finite size scaling is an effective tool to determine the criti-
cal Temperature T of anisotropic systems. We have shown that
the assumption of the solution of the 3-state Potts model for
square and triangular lattices matches with the simulated data.
The Potts model is solved for q = 2 and q > 4 for the square-
lattice, honeycomb and the triangular-lattice. Further, it could
be analyzed if the algorithms are useful for unsolved lattices.
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